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Thermal perturbation theory based on the resummation 
scheme by Braaten and Pisarski suffers from unscreened 
collinear singularities whenever outer momenta become light- 
like. A recently proposed improvement of the hard thermal 
loops by an additional resummation of an asymptotic mass 
promises to solve this problem. Here we present a detailed 
investigation of the next-to-leading order plasmon self-energy. 
It demonstrates the applicability and consistency of the im- 
proved scheme. 



I. INTRODUCTION 

The resummation scheme by Braaten and Pisarski 
is well established in high temperature field theory. Since 
its first announcement in 1989 it has been applied to a 
vast variety of physical problems where the calcula- 
tion of the gluon damping rate was the most spectacular 
one ||. To obtain consistent results in a perturbative 
calculation one has to distinguish two momentum scales. 
On the hard scale, where momenta are ~ T (T = tem- 
perature), the conventional perturbation series is valid. 
On the soft scale, where the momenta are ~ gT (g is 
the small coupling), one has to resum the so called 'hard 
thermal loops' (HTL). The resulting effective vertices and 
propagators are screening formerly untreatable infrared 
singularities. This leads to finite and gauge invariant 
outcomings for physical quantities. 

In some cases, however, it turned out that the HTL 
were insufficient to screen all infinities. For example, 
the damping rate of dynamical gluons and the screening 
length in a gluon plasma suffer from the lack of a thermal 
magnetic mass ||, which results in an infrared singular- 
ity. Another shortcoming was introduced by the HTL 
itself. Whenever outer momenta are soft and lightlikc, 
the HTL cause collinear singularities . Nevertheless, 
in a medium like the gluon plasma there are no long range 
forces since medium effects care for the screening. Thus, 
such singularities should be spurious. 

The Braaten-Pisarski scheme can be understood in the 
context of a renormalisation group treatment The 
effective propagators and vertices are included in an ef- 
fective action |9j which is the result of integrating out 
the hard momentum scale. It was shown in 0, however, 
that in this action for lightlike outer momenta the hard 
modes have not been integrated out completely. One has 
to take into account a certain asymptotic thermal mass. 



An improved HTL resummation scheme has been pro- 
posed recently in [jlCf] which includes this mass and is 
free from collinear singularities while retaining the struc- 
ture and simplicity of the action In this letter we 
will test the new resummation scheme for consistency. 
Its applicability will be shown by a simple check of the 
next-to-leading order plasmon frequency. 

The paper starts with a collection of notations (sect. 2). 
The next two sections review a few facts on the plasmon- 
frequency at next-to- leading order (sect. 3) and on the 
resummation of asymptotic masses (sect. 4). In section 5 
we derive two consistency conditions which the plasmon 
frequency must obey and in section 6 we test these con- 
ditions by explicitly calculating the plasmon frequency 
near the light-cone. It will be seen that the conditions 
are fulfilled. Conclusions are given in section 7. 



II. NOTATIONS 

Consider a system of gluons in thermal equilibrium at 
high temperature T. It is described by the Lagrangian 
£ = -\F%F^ a - £ (0MJ) + £ ghost where P»„ is 
the non-abelian SU(N) field tensor. The coupling g is 
small. For simplicity we do not allow for quarks. In 
the imaginary time formalism each four momentum reads 
Q = (Qoi q)- Qo — i^n — 2TrinT are the Matsubara fre- 
quencies. We use the metric g^ v = (H ) and a 

covariant gauge- fixing with parameter a. 

The spectra of physical exitations in the plasma are 
defined by the poles of the response function x(w, q) = 
G(Q — > w + if}, q), (rj — > +0), where G is the gluon 
propagator. The HTL resummed leading order of G at 
soft momentum reads 



f G^{P) = A„„(P)A t (P) + P^(P)A,(P) 
+aZV(P)A (P) 



(1) 



with A M := [P 2 - n M ]-\ A = 1/P 2 , U t := ±Tr {AU) 
and Hi := Tr (Pn). The Lorentz-matrices are taken from 
a basis, see eg. |TTJ , where A is the transversal and B is 
the longitudinal projector. 

The propagator has two physical poles We will 

concentrate on the longitudinal mode: the solution toe(q) 
of 



wf - q 2 = Ue(u e ,q) , 



MQ) 



„2 



In 



q 



2q \Qo — q 



(2) 
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is the frequency of the well known plasmon |L3| . Hi is 
the longitudinal part of the polarization function n^„ in 
HTL approximation. It is the sum of one-loop diagrams 
where the inner momentum P is hard, 

IWQ) = 2 3 2 ^ A" A { - P 2 g^ + 2P^P U } . (3) 

The summation symbol is defined by $ p := J ,^ff 3 T ^2 n 
where n runs over all Matsubara frequencies. Through- 
out the paper Q is the external momentum, P is summed 
over and A is the difference A = Q — P. A super- 
script 'minus' refers to the transformation P — > A, e.g. 
A" = 1/A 2 . 

As (0) shows, the sumintegral (H) can be performed 
analytically. But to obtain the Braaten-Pisarski effective 
action one conveniently starts from 



IWQ) = 3m 2 UpUv 



(UQ) 

with y = (1, e) , m 



(4) 



2 _ ff 2 ^ 2 
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The angular integral J n := j d 2 Vl averages over the 
directions of the unit-vector e. Using this notation, the 
effective vertices obtain a pleasant form. They split up 
into two parts, e.g. 

*T%(Q, P, A) = T*Z(Q, P, A) + *T<2l(Q, P, A) , (5) 

where r^ r °° is the tree-level and 5T^} a the HTL part of 
the 3-gluon-vertex, 



5T% = 3m 2 



Y Y Y \ P 



A' 



(6) 



^r (4) \ 

pLVpX 



Q YQ \YP YK J ' 

(7) 



Q 



(TQ) 2 [7P FA J 



For the derivation of the HTL effective action from the 
above we refer to ||o|. 



III. NEXT TO LEADING ORDER OF THE 
PLASMON FREQUENCY 

The next to leading order of the plasmon frequency 
has been extensively studied in pj7|,pT|. Up to next to 
leading order the plasmon is the solution of the equation 

OJ 2 - q 2 = + irj, q) or - q 2 = U 00 (fl + irj, q) 

(8) 

since n M „ is transversal up to this order 0,0. The 
complex frequency Q = ug + 6u>£ — iji is the sum 
of the plasmon frequency at leading order, its next- 
to-leading correction and the plasmon damping, while 
n oo = n oo + 5T1 00 is the polarization function including 



next- to-leading order. We expand and find for the 
physical quantities 



Su> e (q) = 



Sfte 5TL 00 (u>e + irj,q) 
c\JI 00 (w,?)L=^ 
^smSU 00 (ui£ + ir), q) 

dJloo{u,q)\ u =u t 



(9) 
(10) 



Thus, to calculate SuJi(q) or 7^(5) one has to evaluate 
SH 00 and H 00 on the leading order mass-shell uj = uJi(q). 
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FIG. 1. The diagrams contributing to the next-to- leading 
order of the thermal gluon polarization function. The inner 
momentum is soft, so the propagators and vertices are the 
resummed ones. 



The contributions to SH^ are contained in the dia- 
grams of figure ||, 

flV(Q) = + n^ d (Q) ~ n t ] (Q) (11) 

with 

n}T° p (Q) - \a 2N ^ *G^(KyG XT (p) 

*r wA (Q, -a, -p) *r„ CTT (Q, -a, -p) , 
n^ d (Q) = \g 2 N^ p *G^(P) *T^ pa (Q, -Q, -P, P) . 

The two parts n loop and n tad correspond to the two di- 
agrams in figure |l|. By subtracting nH , which is given 
by figure [l] with hard inner momentum, 5n is made up 
of soft inner momenta automatically. The limit of hard 
momentum, however, does not necessarily imply to re- 
place the resummed propagators and vertices with the 
tree-level ones. Instead, whenever the outer momentum 
Q becomes lightlike, one is forced to use massive prop- 
agators We will cover this case in the following 
section. 

IV. RESUMMATION OF ASYMPTOTIC MASSES 

For lightlike outer momentum the use of tree-level 
propagators to obtain II H in ( pi] ) leads to an incomplete 
subtraction of the hard momentum scale in the next-to- 
leading order selfenergy 5H PJfO|. Then, strong collinear 
singularities in 5H spoil the conventional perturbative ex- 
pansion. 

As an example for the underlying mechanism consider 
the toy-term 



2 



^jjExamplt 



-4e' 



pq 



d 3 p n b (p) 
(2ir) 3 p \ LUpto — pq 



pq 



puj — pq 
(12) 



with lu 2 = p 2 + m 2 . The first part of <5n Examplc is typical 
for the one-loop diagrams in figure [l| For simplicity we 
have replaced the complicated self-energies by a single 
mass m. The second part is the analogon to II H in the 
tree-level approximation. 

When Q is off the light-cone, i.e. u> > q, the leading 
order of the integral in ( |l2] ) obviously comes from soft 
p. We can approximately set nb(p) ~ T/p and evaluate 
(|l2]). But with Q becoming light-like, to <; q, the two 
parts in ( |l2| ) behave totally different. The second term 
becomes large due to a collinear singularity while the first 
one remains finite. Now, the integration is not any more 
restricted to the soft scale. Still using n&(p) ss T/p, we 
find a strong power-like singularity pj, 



^j-jExampli 



e 2 nTuj f 1 , 
- — / du ■ 



271 i J-i ^Jyl 



- (13) 



with 



r 



Thus, this behavior is not solely due to a collinear singu- 
larity, but also to a latent UV-singularity, which is caused 
by a premature restriction to soft momenta. Obviously, if 
e becomes sufficiently small, <5I1 may overgrow the lead- 
ing order self-energy II and the perturbative expansions 
breaks down. 

For the consistency of the Braaten-Pisarski effective 
action || the above behavior is a disaster. The hard scale 
has not been integrated out entirely and consequently the 
action of Q is incomplete in the sense of renormalization 
group theory. To restore consistency, as seen in |10|, one 
has to include a certain asymptotic mass 



n t (Q 2 = o) 



g 2 NT 2 
6 



(14) 



in the calculation of the hard thermal loops. Fortu- 
nately, though including m^, in the corresponding im- 
proved HTL-effective action |l(| the elegant structure 
and gauge-invariance of the Braaten-Pisarski action || 
can be maintained. Moreover, recalculating the gluon 
polarization function with the improved action gives fi- 
nite results for all momenta, including the light-cone. 



V. CONSISTENCY CONDITIONS 

The true gluon system has a richer structure than in 
the previous example. Here, the above mentioned latent 
UV-singularities are not the only mechanism that cause 
5U to grow near the light-cone. As will be seen in the 
following section, the HTL-parts of the vertices intro- 
duce additional collinear singularities which may cause 



a breakdown of the perturbation expansion. However, 
the physical quantity under consideration is not the self- 
energy, but plasmon frequency and damping. It is shown 
in this section, that the physical quantities can tolerate 
a certain amount of light-cone enhancements in the self- 
energy without spoiling their perturbative expansion. 

Consider equation (^) that defines 6ut and "ft. For its 
derivation we made use of two (really trivial) inequalities, 



and 



SU 00 < n c 



(15) 



for all physical momenta. Violation of the inequalities 
( |l5| ) would invalidate the perturbative expansion of the 
physical quantities. In the following section we check (|l5| ) 
by calculating 5Yl 00 near the light-cone. 

However, we will not do the calculation on the light- 
cone but we will keep a small distance j<eCl with 
e 2 = (lo 2 — q 2 )/q 2 for two reasons: 

• On the light-cone the use of the improved HTL- 
vertices Q is required, leading into technical dif- 
ficulties. For e 3> g, however, we may neglect TOqo, 
which renders the following calculation feasible. 

• A finite but small distance e g is still interesting 
to decide whether the asymptotic mass resumma- 
tion is sufficient near the light-cone. If there were a 
breakdown of perturbation theory (there is none!) 
we would have to think about an additional re- 
summation to moo , for example one including some 
kind of thermal damping, see eg [jl6|. Such a new 
screening mechanism for the collinear singularities 
may show up in a larger (though still small) dis- 
tance e, namely e 2 ~ g (rather than e 2 ~ g 2 in the 
case of ttIoq). But this range is consistently treated 
within the present framework. 



Let us return to the conditions (15). Since in (Bj) we 



have dujlloo ~ g 2 T 2 je 2 near the light-cone, the first con- 



dition in (15) is a rather weak one for the self-energy £n 
It may behave like 

1 



5Re Sn n 



g'T'-t 



(16) 



without violating 6uji,"/e <C uJe- Even additional loga- 
rithms ln(e) are allowed. The second inequality in dig ) 
is more restrictive. The leading order H 00 behaves like 
n oo - g 2 T 2 ln(e) and thus 

ne6n oo <g 3 T 2 - (17) 



is allowed as long as e ^ g. The condition (|l7|) does not 
apply to the imaginary part because the leading order 
3m n is zero for physical momenta. 

Combining (|l6|) and we arrive at the following 

inequalities which form the consistency conditions to be 
fulfilled by 5li 00 for g < s < 1: 



1 



1 



<g 3 T 2 -, 



(18) 



$ie5Tl 00 & g T - and %m5Il 00 

e 

These restrictions on the light-cone behavior of SH 00 will 
be checked by explicit calculation in the following section. 
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VI. PLASMON FREQUENCY NEAR THE 
LIGHT-CONE 



In this main section we evaluate the next-to-leading 
gluon polarization function 5U 00 (Q) near the light-cone 
Q 2 = 0. We are interested in the order of magnitude of 
the first term of the asymptotics in e 2 — Q 2 /q 2 . 

The starting point of the calculation is equation (4.5) 
of M. The expression for 6TL 00 can be split into two parts, 



su 00 (Q) =■■ sn%?(Q) + <5C TLV (Q) 



(19) 



The first part contains only tree level vertices while all 
the remaining contributions from HTL-vertices are as- 
sembled in (5IIq tlv . In both parts the propagators are 
the resummed one (0). 

The tree-level part 5II r ec has been studied in [Q. 
There, one obtains the mechanism discussed in section 
[V leading to the asymptotic mass resummation. With 
use of the improved HTL effective action jl0| this part 
will be completely finite near the light-cone without in- 
cluding any enhancement effects. 

In 5IIq tlv , however, the HTL-vertices indeed intro- 
duce strong collinear effects^. This part is given by 



Sri; 



HTLV 



(Q) = {' 



with 



\g 2 Njf AST 0000 , 
^ Tp 



i 5 2 7V^AA-(<5r ooo ) 2 , 

+2{P + Q )5r 000 } , 
* = ^g 2 N^A t Ai5T ^Sr ^ 



(20) 

(21) 
(22) 

(23) 
(24) 



as well as A = (A t - AAP 2 /p 2 . The HTL-parts of the 
vertices <5r are given by (g) and (0). Remember, Q refers 
to the outer momentum, P is summed over and K = Q — 
P. We will concentrate on the terms S and T which are 
the only ones giving rise to strong collinear singularities 

For summing over the Matsubara frequencies it is 
convenient to introduce spectral densities A(P G ,p) = 
J dx p(x,p)/(P —x). The explicit form of p is given e.g. in 
appendix B of 1 1 1 . Since in (5n^ TLV the variables p and 



x are soft from the outset we may use rib(x) « — . 



S = g 2 NT 



d 3 p 



dx 



Q{x,p) 



(2tt) 3 
3m 2 Q 
n (YQ) 2 Q ~ x ~ ek 



(25) 



T = -g 2 NT 



d 3 p 



dxdy 



2tt) 3 J a Q - x -y 
3m 2 3m 2 f 1 Q D - x Q Q 
<«,/ YQY^j \xQ o - x -gkQ - x 

Qo 1 

— ep — e!k Q — x — e'k 



(26) 



At this stage we are allowed to perform the analytical 
continuation Q Q — > u + irj, rj — > +0. In the following we 
keep with the notation Q Q but always mean u) + irj. 

As we will see in the next subsection the main reason 
for the strong light-cone singularities is a combination of 
collinear and infrared effects. This is due to the weird 
behavior of the transversal density |Tl] ] for small momen- 
tum, 



Qt(x,p) 



1 

P 2 



S(x) 



for 



p^O 



(27) 



which is nothing but the lack of a magnetic screening 
mass. We split off the IR-sensitive part, 



S = S + (S - S ) = S + Si , 
T = 2T + (T - 2T D ) = 2T + T x 



(28) 



where the factor 2 in the second equation is for conve- 
niance. It comes from the fact that T is invariant with 
respect to the interchange p — > k. So, we have two in- 
frared regions, p — > as well as k — > 0. Using (|2^) to 
neglect x, the IR-sensitive parts are given by 



S = g 2 NT 



d 3 p 



dx 



Q(x,p) 



(2tt) 3 
3m 2 Qq 
(YQ) 2 Q a - ek 



T = -g 2 NT 



d 3 p 



(2nf 
3m 2 3to 2 Qo 



dxdy 



9{x,p)g(y,k) 

x (Qo - y) 
Qo 



YQ Y'QQo-ekQo-e'k ' 



(29) 



(30) 



In fact, these parts are the only ones showing a strong 
light-cone behavior |jl7|| . We will concentrate on them. 
The remaining terms S — S D and T — 2T are of no 
relevance in the present context. 



1 In fact, this part has been studied in j?| as well. But as 
the present mechanism leading to 1/e 2 terms was missed, the 
result given in remained incomplete. 



A. Evaluation of E 



We start with the simpler one of the two contributing 
parts. In ( p9| ) the ^-integration is performed using sum- 
rules derived eg. in p8| , pl| . 
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g 2 NT 



Zm 2 



Qc 



d 3 p 1 3m 2 

(27r) 3 ^2p 2 + 3m 2 J n (YQ) 2 YQ + ep 

(31) 



with rewriting Q a — ek = YQ + ep. Near the light-cone 
Q 2 = the denominator (YQ) 2 tends to diverge. At 
YQ = Q — eq = it gives rise for a powerlike collinear 
singularity. In addition, the second denominator in (31), 
YQ + ep, mixes the collinear point YQ — with the 
infrared region of the p integration. For vanishing YQ we 
obtain a logarithmic singularity at small p, for vanishing 
p the collinear singularity becomes stronger. So, from 
( |3~i| ) we expect the leading contribution to come from 
a very limited region of the integration variables: the 
infrared limit of the p-Integral. 

More precisely, after performing the angular integra- 
tion, we have 



g 2 NT 



d 3 p 1 3m 2 m 2 % ,uj 2 ( 
(2tt) 3 P 2 P 2 + 3m2 ^(pq) 2 + Q 2 i 



In 



pq 



~ iirG (p 2 - 2pq- Q 2 



(32) 



Indeed, Q 2 regulates the infrared behavior of the p- 
integral, as we can see in particular in the step-function 
of the imaginary part of (|32|). The leading contribution 
of the light-cone asymptotics comes from p 2 and pq be- 
coming comparable small to Q 2 . 

Accordingly we scale p — > eqv and pq/pq — > eu. Now 
the integration variables are dimensionless. 



£ 2 jo 



In 



dv 



l/e 



du- 



_ 1/e v 2 + a 2 v 2 y ?i + u 2 3 



iir® (v 2 - 2uv - l) L (33) 



with T = g 2 NTm 2 QO /(4ir 2 q) and a 2 = 3m 2 /(e 2 q 2 ). The 
latter constant a, becomes large near the light-cone. 
However, we are not allowed to perform a — > oo since 
a finite a is needed to control the w-integral for large 
values of v. Nevertheless, evaluating (133) analytically, 



(34) 
(35) 



3m S = vrr (ln(a 2 /p) - 2 + 0{e 2 )) 
= - r (M^)-2 + £>(e 2 ) 
E = 4jT (— 7r 2 + 0(e 2 )) , 



with p = (VI + £ 2 - l)/(Vl + £ 2 + 1) - e 2 /A. Indeed, we 
obtain strong collinear singularities ~ e -2 . For the real 
part, the result ( p5| ) violates, if considered separately, the 
inequality (|l8| ) given in the last section. Thus, assuming 
( ^B| ) is the final result, the perturbative expansion of the 
physical quantities ui£ and j£ would be broken. 



B. Evaluation of T 

Compared to E Q the evaluation of T Q is more involved 
due to the additional propagator A - in (E2). Before we 
discuss simplifications for A - we turn to (|30|), apply the 
sum rules and perform the angular integrations. 



T 



1 



hi 



~-g 2 NT 



+ pq- 



d 3 p 1 3m 2 A(Q ,k)m^u) 2 



(2tt)3 p 2 p 2 + 3m 2 yp^T 
iir& (p 2 - 2pq- Q 2 



£ 2p2q22 



(36) 



Despite of the additional propagator, ( B6h has the same 
structure than E Q in (^l|). Indeed, the leading e-order of 
T G comes from the same very limited region of the inte- 
gration variables as in E Q : p 2 as well as pq are compara- 
ble small to Q 2 . This opens the possibility for suitable 
approximations in the propagator A - . 



1. The propagator 



The propagator A in (B6J) is made up of two parts, 



MQo,k) 



1 / Ql-k 2 



k 2 \Ql-k 2 - Ii t 
Ql-k 2 



(Q 2 -P)(i + n 00 /fc 2 ) 



(37) 



The transversal part (first term) does not contribute to 
the leading order since its numerator behaves like Q 2 
and in the denominator II t does not vanish for Q a sa k. 
Hence, 



A(Q„,fc) 



-1 



k 2 + 3m 2 



1 - 



lQo 1_ ( Qa + k \ 

2 fe 111 \ Qo-k J 



(38) 



When we do the analytical continuation Q a — > a; + in 
(r/ — > +0) the denominator has besides the common Q 
i<JT), a = ±1 a further imaginary part from the cut of the 
logarithm, 



In 

Thus 
A(w,A) 



Q + fc 





uj + k 






uj — k 



- iTrQ(k 2 - lu 2 ) 



(39) 



k 2 + n oo (u>, k) + iTTTO^f 9(fc 2 - w 2 ) + ir/a 



With regard to the value of the step function 9 we dis- 
tinguish two cases. 
Q = (k 2 < uj 2 ). In this case 



A = 



1 



k 2 + n ao (uj,k) 
-l 

k 2 + U 00 (w,k) 



inaS [k 2 + n oo ) 
8{k 2 



+ lira 



Q 



1 + d q 2ll 00 (uj,q)\ 



(40) 
(41) 
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Near the light-cone we have a = 1 and d q 2li 00 = 
~ rn to/Q 2 - Remember, we have to evaluate 8Ii on the 
longitudinal mass-shell, see @. Thus oj = uJi(q) is given 
and k 2 + n oo (ti;, k) is zero at k 2 = q 2 , because this is the 
longitudinal mass-shell condition defining oji. 

In the term of ( ^l|) with the delta-function we will find 
the known problems with the mass shell singularity. Here 
the only true IR-divergence will occur following the mech- 
anism described in [Q . We will regulate this by including 
an artificial small cut-off mass p. All the other parts of 
T are IR-finite and do not need any p. 
Q = 1 (k 2 > oj 2 ). In this case we are allowed to neglect 
irj in the denominator, 



A, 



k 2 + n oo (ti;, k) + inm 



(42) 



oo k 



In both cases we simplify k 2 + n oo using q 2 ,m 2 3> p 2 — 
2pq. As mentioned above we must avoid the use of Q 2 3> 
p 2 — 2pq. In addition we take advantage of being on the 

longitudinal mass-shell q 2 + 3m 2 

We obtain 



1 



2 q \t*J-q J 



= 0. 



k 2 +U 00 (oj,k) 

— (? — p) 2 + 3™ 2 



aj/2 l oj 

: In 



m 2 In 



Q 2 



(43) 



This simplification, to be used in ( [4l| ) and (fl2]), makes 
the following integrals feasible. 



2. = part of T 

We turn to the evaluation of T Q . For convenience the 
distinction of the two cases 8 = and 9 = 1 will be 
retained. Accordingly we split T Q into two parts 



T = T 



e=o i v~&=i 



(44) 



Both parts are now evaluated separately. 

The part with vanishing step-function is given by 



t?=° = Vat 



d 3 p 1 3m 2 



m 2 ($±^)e(oj 2 -k 2 ) 

Q 2 +pq-V J 

-1 iira8(k 2 - q 2 ) 



In 



( UJ 2 -k 2 \ 



[i + a 2 n 00 ( w , g )] 



(45) 



First consider the real part of ([15|) . Scaling p eqv and 
pq/pq — > eu we have 



3?e T 



e=o 



r 

2I 2 



dv 



v 2 v 2 + a 2 J_x/ e u 2 



l/e 



du- 



9(1 + 2uv - v 2 ) ^ 2 [ l/v + u+ \Ju 2 + 1 
ln(l + 2uw--y 2 ) U \l/v + u-Vu 2 + l 




where T = g 2 NTm 2 nct /{Air 2 q) and a 2 = 3to 2 He"q") are 
the notations we used in (p3). Contrary to (p3), the v- 
integral now is finite at both limits small and large v. 
For large v it is cut by the step-function. So, here we are 
allowed to perform a 2 — > 00. The fact that ( flif ) is well 
behaved at v = is seen by expanding the logarithms in 
v and uv. 

By substituting v — > vl + u 2 w — u and t = uj^J~, 
symmetrizing in t and v as well as introducing x = (1 — 
u)/(l + u) and j/ = (1 — £)/(!+ 1), we obtain 



3?eTf=° = -— ? r I dx I dy 



1 



2e 



'0 
^2 1„2/ 



1 



(a - y) 2 In (xy) + (1 



- y) 2 (l - xy) 2 
xy) 2 \n 2 (x/y) 



l n ( a; /y)-2m(i±f 



(47) 



with p = (Vl + e 2 - l)/(Vl + e 2 + 1) « e 2 /4. However, 
the integrand F(x,y) is singular at the origin (x,y) — 
and we are not allowed to neglect p here. Instead, 
we exploit F{x, y) being antisymmetric with respect to 
interchange of x and y, F(x,y) = —F(y,x). Hence, 



5ieT 



e=o 



2e 2 



r dx dyF(x,y) 



(48) 



After scaling both integration-variables x and y with p 
it is finally possible to neglect p ~ s 2 in the remaining 



integral. After another change of variables x 
obtain the result for the real part of Tf =0 , 



l/x we 



9f?eT 



e=o 



1 

2? 



r dx dy 



ln(zy) 
(1 - xy) 2 



1 ZL 
^ r 6 



(49) 



Obviously, we have found one more term ~ e -2 in the 
real part of <5n oo which, if considered separately, would 
spoil the common perturbation theory. 

We turn to the imaginary part of T°. Here we find 
the only true infrared problem due to a mass-shell sin- 
gularity It needs an artificial infrared regulator in 
the transversal part of the propagator, A t (P Q = 0) = 
— (p 2 + p 2 )~ l ■ Consider the mass p, to be small com- 
pared to the soft scale (p, <C gT) as well as p/e <C gT. 
With the latter condition we again restrict ourself to a 
distance e with g <C e 1. While in section 5 we used 
this restrictions to neglect the asymptotic mass in the 
HTL- propagators and -vertices (otherwise the present 
calculation would have been undoable) we now need it to 
solve the integral in j50|). 



G 



In QmTf =0 we first exploit the delta- function in (45). 
Then we proceed as with the real part. Scaling p — ^ eqv 
and with a 2 — > oo we obtain 



e=o _ 9'NTm 2 ^ 2 



3m T 



nam': 



(2tt) 2 eV e 2 q 2 \l + d 2 Tl oo \4j 



l/e 



dv 



1 1 



1 1 2 I + 1 + V \ (Kn s 

~ v 2 + lv 2 + b 2 111 [ Vv 2 + 1 _ v J ^> 

where the dependence on the artificial infrared cutoff p 
is contained in b 2 = p 2 /(Aq 2 e 2 ). While b is small, see 
above, the 6-asymptotics of the v-integral can be calcu- 
lated analytically. We finally obtain for the imaginary 
part of T^ 

, , , r 2 



2e 2 \ \q 2 e 2 J ' 4 



The logarithm, containing the /^-dependence, is known 
from several work on plasmon-damping [Q . 



3. © = 1 pari o/ T 

With the propagator Ai from ( pf^ ) our starting point 
reads 

T e=i = I a»r T f d3 P 1 3m2 w ^> a;2 

2 9 J {2nfp 2 p 2 + im 2 ^qYTTW 2 



In 



-e(*»-a,») f ln r£±E±^l-,^. (52) 



j2 q¥- J +iircj/k 



pq 



Following the transformations and substitutions known 
from evaluating SfteTj^ , we obtain 



(ln(xy) +l ir) 2 ( h Hfj + ^J y r .,. 



{l + xyf 



where C = In ( ~p~j? J ■ Splitting in real and imaginary 
part, 



T 



e=i 



2e 2 



1 r l 



dx I dy 
o J p 



Fn(x,y) - inF^x.y) 
C 2 + n 2 



, (54) 



Fii(x,y) = 



Fi(x,y) 



(ln(xy) -tt 2 )C + 2tt 2 ln(xy) 
{l + xy) 2 

| (ln^( f )-^)£ + 2^1n(|) 

(x + y) 2 
\n 2 {xy)-2C\n{xy)-n 2 

{i + xy) 2 

In 2 (|) -2£ln(j) - tt 2 

(x + y) 2 



, (55) 



(56) 



As both functions F(x, y) are singular at the origin 
{x,y) — 0, we are not allowed to neglect p ~ 
stead, we isolate the singular parts (index $), 



Ff(x,y) = 



ln(f )(C 2 + n 2 ) 



(x + y) 2 



C 2 



(x + y) 2 ' 

These parts can easily be integrated over, 
In 



In- 

(57) 
(58) 



i ,i 

dx / dy 

i ,i 

dx / dy 



(x + y) 2 

-1 
(x + y) 2 



-— + 0(pHp)) 



= ln(p)+ln(2) + 0(p) 



(59) 
(60) 



In the remaining integrals the differences F—F® are regu- 
lar on the entire (a;, 2/)-interval. So, for the leading term 
of the e-asymptotic we are now allowed to set p = 0. 
Nevertheless, the integrals are not trivial at alln. For 
technical details we refer to the appendix. The result of 
the calculation is, 



dx dy 



F R (x,y) - F%{x,y) 



C 2 



■ 7T- 



7T" 



(61) 



\ xd y Fl{x ^-3^ v) =l^)-H2)-i. (62) 







Combining these parts to Y® -1 we find for the real 
and imaginary part 



5ReT 



e=i 



r 

'2T 2 



27T 2 

3 



11 h { ln(p) + i c(3) - 1 



(63) 
(64) 



Again, there are unwanted strongly growing terms ~ e 2 
in the real part. 



VII. RESULT AND CONCLUSION 

We have considered the next-to-leading order of the 
plasmon self-energy <5IT 00 near the light-cone. Evaluating 
the leading order term of an asymptotic expansion of 
Slioo in e 2 = Q 2 /q 2 , we obtain several contributions that 
give rise to collinear singularities with a strength that 
would spoil the perturbative expansion of the physical 
quantities, even if the improved HTL-resummation |lC| ] 
is used. However, the final result is the sum of the parts 



Thanks to Hermann Schulz and Anton Rebhan for their 
support in calculating these integrals 
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obtained in (j34|) , (p5|) as well as twice the ones found in 
©, ©, (If and 



g 2 mNT f 1 , 1 s . 

7r ^ e 

g 2 mNT ( 1 3m / 3m^ 

iJm<m 00 = <^ ——In — T 

7r [e 2 8q \ p 



oi 1 -: 



(65) 
(66) 



E 



In the real part, all the unwanted terms ~ e 2 precisely 
cancel out. Hence, the consistency conditions of section 
are indeed fulfilled. The perturbative expansion of the 
physical quantities uji and 7^ using the improved HTL- 
action |l0|| is valid, even for momenta near the light-cone. 
The positive result of the present investigation shows no 
need for further improvements of the Braaten-Pisarski 
scheme for light-like momenta besides the one based on 
the asymptotic mass. 

The true leading order term of the real part behaves 
~ g 3 T 2 1 e. This term is non- vanishing. For its derivation 
we refer to |l7| and 0. However, as discussed in section 
0, such a term does not break the consistency of the 
perturbative expansion. 

Nevertheless, in calculating other physical quantities 
with light-like momenta, further corrections to the effec- 
tive action may well contribute. For example for the soft 
real photon production rate || one has to evaluate the 
imaginary part of the photon sclf-encrgy which turns out 
to be ~ e 2 g 3 T 2 . Hence, compared to our present result 
~ g 3 T 2 , it is down by two powers of a coupling constant. 
It is well known, for calculations with high precision one 
has to use effective actions that include higher order in- 
teraction terms jL9|. So, corrections to the HTL effective 
action, eg. some new kind of plasmon interaction-term, 
would contribute in evaluating higher order quantities. 
But, as shown in the present analysis, such a term must 
not be resummed into the leading order of the soft plas- 
mon propagator. Instead it would be a common pertur- 
bative correction]^. 
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5 A recent paper by Petitgirard [E0[ supports this conjecture 



APPENDIX A: INTEGRALS 

In the maintext the real and imaginary part of T\ were 
traced back to the integrals (^l|) and (|6|) . Here we treat 
the second, which is 

AC = J dx J dy -£2^2 { F i(x, V) - F?(x, y)} 



i C(3) - ln(2) - 1 



(Al) 



The other integral (^3lJ) can be evaluated in an analogous 
manner. In ( |Al[ ) C = In ^£ (i-s)^ J an< ^ 



F I (x,y)-Ff(x,y) 

_ Qnjxy) - C) 2 - (C 2 + n 2 ) 
(1 + xy) 2 



In f -£ 
■ { ' J J . (A2) 



{x + yf 



With (A.2) in (Al) we may split K. = K a + K.\ with 



IC 



dx dy ■ 



1 



10 Jo i^ + xy)'' 

.1 ,1 ! 



= -ln(2) 



(A3) 



K:i= J dX J dy C 2 + , 2 



Qnjxy) - C) 2 
il + xy) 2 



( ln (f 



C 



(x + y) 2 



(A4) 



So, there remains to show that K.\ — jC(3) — 1- We 



change variables in the first term of (A4) by y — > 1/y 
and proceed with y — > y/x. Then, both parts of K-i can 
be joined. 



K,\ = I dx — I dy 



41n 



\ y l-a: j 



Wo (l + ^ln 2 (i{f±f)+- 2 



(A5) 



To simplify the arguments of the logarithms we substitute 
x — * v = -frf and subsequently y — > -^y. Finally 
v — *■ 1/v and y — * 1/y leads to 

* = rw ny +y? m r v) - (A6) 







a-v) 2 Jo 



ha. (y) + 7r 2 



To get rid of the logarithms we substitute r = ln(?/) and 
x = ln(w). Then, 



Ae~ x x 2 [°° 
dx -7- r-r / dr ■ 



(1-e- 



x ) 2 



— 00 



(A7) 



The r-integral may be closed in the upper complex r- 
plane. The contour runs around the following poles: 
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t = in with residue 



1 



1 



1 



2iti \ l — e 2x 1 — e x 
t = -2x+ (2n - l)«7r : — , __ \,,_ 19 , _ 9 , (A8) 



-x + (2n — l)«r 



[2a; - (2n - l)i7r] 2 + tt 2 
-1 

[x - (2n - 1)ztt] 2 + tt 2 ' 



with 7i = 1, 2, . . . , oo. In the corresponding sum over n 
nearly all terms cancel. The only remaining contributions 
are 



00 , 4e~ x x 2 
ax ■ 



(1 -e- x ) 2 \l-e 



1 



1 



1 



1 - e~ x 2x 



(A9) 



By splitting in partial fractions 



1 



1 



1 



1 



1 - e- 2x 2\l-e~ x 1 + e- x 
I I 1/1 1 



(1 - e- x ) 2 1 + e~ x 2\(l-r 1 ) 2 1 - e - 2x 
and using 

1 



1 - e 
2e~ x 



oo 



(l-e- 



— = J] m(m-l)e- 



(A10) 
(All) 



m=2 



(AE) becomes the desired value /Ci = |£(3) — 1- Hence, 
(Al) is derived, as is (|6^) in the maintext. 
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